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PARABOLIC FLOW FOR GENERALIZED COMPLEX 
MONGE-AMPERE TYPE EQUATIONS 

WEI SUN 

Abstract. We study the parabolic flow for generalized complex Monge-Ampere 
type equations on closed Hermitian manifolds. We derive a priori C°° estimates for 
normalized solutions, and then prove the C°° convergence. 


1. Introduction 

Let (M,oj) be a compact Hermitian manifold of complex dimension n > 2 and 
X another smooth Hermitian metric. We are interested in looking for a Hermitian 
metric x' in the class [y] satisfying 

n 

( 1 . 1 ) 

a=l 

where ^ is a smooth positive real function on M, b^s are nonnegative real constants, 
and > o. This type of equations contains some of the most important ones 

in complex geometry and analysis. 

The most known case is probably the complex Monge-Ampere equation, 

(1.2) x' n = 

On closed Kahler manifolds, this equation is equivalent to the Calabi conjecture Ell¬ 
in the famous work of Yau [41] (see also EU), he proved the conjecture by solving 
the complex Monge-Ampere equation. A corollary of the Calabi conjecture is the 
existence of Kahler-Einstein metrics when the first Chern class is zero. Later, the 
result was extended to closed Hermitian manifolds, which was done by Cherrier [9], 
Tosatti and Weinkove [Ml [35]. In [35], Tosatti and Weinkove stated a Hermitian 
version of Calabi conjecture, which used the first Bott-Chern class instead. 

All of these works are based on continuity method, while the parabolic flow method 

is also a powerful measure. Cao [5j used Kahler-Ricci flow to reproduce the result of 

l 
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Yau m, and Gill [16] introduced Chern-Ricci flow to reproduce that of Tosatti and 
Weinkove [34, 35]. 


Another interesting case is Donaldson’s problem, 


(1.3) 


x" = a u. 


It was first proposed by Donaldson na in the study of moment maps. Chen [7] found 
out the same equation when he study the Mabuchi energy on Fa.no manifolds. The 


solvability implies a lower bound of the Mabuchi energy, and x' is the critical metric. 


When ^ is a constant, the equation was studied by Chen hie], Weinkove [39, 3D], 
Song and Weinkove [26] using the J-flow. These results were extended by Fang, Lai 
and Ma [T3j also by a parabolic flow. In [S, To). Fang and Lai studied some other 
parabolic flows, one of which was adopted by the author [29] to study more general 
cases. 

For Donaldson’s problem, continuity method seems harder to apply. The au¬ 
thor [28] introduced piecewise continuity method to solve the complex Monge-Ampere 
type equations on Hermitian manifolds, which contains Donaldson’s equation. Li, Shi 
and Yao [23] reproduced the result of Song and Weinkove [26] by constructing a class 
of Kahler metrics. Admitting the result of Yau [4T], Collins and Szekelyhidi [TO] 
were also able to solve the equation by a different argument. In the argument, they 
construct a class of equations in form (11.111 to reach Donaldson’s equation from the 
complex Monge-Ampere equation. The approach was applied in more general equa¬ 
tions by Szekelyhidi [33]. 

For general cases of equation (II. 1H . the solvability was conjectured by Fang, Lai 
and Ma [13]. They solved the equation when the coefficients satisfies some special 
conditions. To investigate the numerical cone condition for J-flow conjectured in [22], 
Collins and Szekelyhidi [10] studied equation (11.111 . Later, the author [32] generalized 
the result to more general cases by piecewise continuity method. 

In local coordinate charts, we may write u and x as 


(1.4) 



and 



(1.5) 


2 
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For convenience, we denote 
(1.6) 


Xu =X + S-f-ddu = STL ^(Xij + u fj )dz' A dz 1 . 


h3 


Therefore, equation (11.11) can be written in the form, 

n 

(1-7) Xu = ba ^u~ a A Xu > °- 


a=l 


This is a fully nonlinear elliptic equation. Since the cokernal is nontrivial, it is not 
solvable for all 0 > 0. Generally, we try to find a function u and a real number b 
such that 


( 1 . 8 ) 


xl = e b 4>Y. i °X r°Aw“, 

a=l 

Xu > 0, supw = 0. 

M 


Only in a few cases, we know b = 0 in advance. If y and u are both Kahler and -0 is 
constant, ip is uniquely determined by 

S M x " 


(1.9) 


ip — c\— 


Z2=i b «f M x n - a /w° 


To reproduce the results in [32] . we consider a parabolic flow for generalized complex 
Monge-Ampere type equations, 

n 
A u 


( 1 , 10 ) 


du j 

9t~ n YZ=iKx n u - a 


In ip 


with initial value u(x, 0) = 0, where 0 £ C°°(M) is positive, and Xu > 0. Following 
|2ni HH], we assume that there is a C 2 function v satisfying 

n— 1 

(1.11) nxu~ l > ip^2b a (n - a)Xv~ a ~ l A w“, and Xv > 0, 

OL= 1 

which is called the cone condition. 

In the study, the key step is probably the sharp C 2 estimate. 


Theorem 1.1. Let (M, uj) be a closed Hermitian manifold fo complex dimension n 
and x also a Hermitian metric. Suppose that the cone condition (II. lip holds true. 
Then there exists a long time solution u to equation (11.101) . Moreover, there are 
uniform constants C and A such that 

(1.12) A u + try < Ce A ^ u ~ in W.tjO. 
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Remark 1.2. As shown by Collins and Szekelyhidi B3B, the cone condition can be 
defined in the viscosity sense. 


The sharp C 2 estimate can help us to obtain C° estimate, which is probably the 
most difficult one in the argument. It is worth a mention that there is a direct uniform 
estimate for the elliptic equation by the author p0[ 131, 32j and Szekelyhidi |33j while 
that for parabolic flows is not available so far. Since there are troublesome torsion 
terms, we need to apply a trick due to Phong and Sturm [25] with making a particular 
perfect square (see also [36]). When C° and C 2 estimates are available, all others can 
be obtained by Evans-Krylov theorem [HI EU E3 EH] and Schauder theory. 

To reproduce the results in [32] . we need to discover some convergence property. 
However, it is very likely that u(x,t ) itself is divergent. Instead, we study the con¬ 
vergence of the normalized solution, 


(1.13) 


u = u 


L 


M 


UUJ 


Im ^ 


For general Hermitian manifolds, we have the following result. 


Theorem 1.3. Let (M,u) be a closed Hermitian manifold of complex dimension n 
and x also a Hermitian metric. Suppose that the cone condition (11. lip holds true. 
Then there exists a uniform constant C such that for all time t > 0, 


(1.14) 
given that 

(1.15) 


sup u(x,t) — inf u(x,t ) < C, 

xeM X ^ M 


x n <ipJ2 h <*x n ~ aAuja - 

a=l 


As a consequence, u is C°° convergent to a smooth function Uoo. Moreover, there is 
a unique real number b such that the pair (Uoo — sup M fi 00 ,5) solves equation (11.81) . 


A corollary follows from Theorem 11.31 


Corollary 1.4. Let (M,u) be a closed Hermitian manifold of complex dimension n 
and x also a Hermitian metric. Suppose that the cone condition (11.111) holds true, 
and b\ ■ ■ • , b n _ i and if are fixed. Then there is a constant K > 0 such that if c n > K 
there exists a uniform constant C such that for all time t >0, 

(1.16) sup u(x,t) — inf u(x,t) < C, 

xeM 
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As a consequence, u is C°° convergent to a smooth function u QG . Moreover, there is 
a unique real number b such that the pair (Uoo — sup^^-Foo, b) solves equation (11.8ft . 

Should we have more knowledge of the manifold, it would be possible to obtain 
stronger results. When % and uj are both Kahler, we have the following result. 


Theorem 1.5. Let (M,u) be a closed Kahler manifold of complex dimension n and 
X also a Kahler metric. Suppose that the cone condition (11.11ft holds true and if > c 
for all x G M, where c is defined in (11,9ft . Then there exists a uniform constant C 
such that for all time t >0, 

(1.17) sup «(a;, t) — inf u(x,t) < C. 

x€ M x&M 

Consequently, u is C°° convergent to a smooth function Uoq. Moreover, there is a 
unique real number b such that the pair (iioo — swp M Uoo, b) solves equation (11.8ft . 


It is worth a mention that we only require the concavity of the elliptic part in 
several key steps. So our argument can be applied to some other parabolic flows 
for generalized complex Monge-Ampere type equations. Fang and Lai [15] discussed 
different parabolic flows for complex Monge-Ampere type equations. Collins and 
Szekelyhidi m used the equation 


(1.18) 


9u = ELljaXC 

dt Xu 


For simplicity, we shall consider an equivalent form analogous to J-flow when y and 
u are Kahler. We may call it generalized J-flow. 


(1.19) 


du = 1 _ ELi b *Xu a Cuj a 
dt c Xu 


Theorem 1.6. Let (. M,uj) be a closed Kahler manifold of complex dimension n and 
X also a Kahler metric. Suppose that the cone condition (11.lip holds true for i/j — c. 
Then there exists a long time solution u to equation (II . 19j) . Moreover, u is C°° 
convergent to a smooth function Uoo. Moreover, u Q 0 — sup M u 00 solves 

n 

Xu = cJ2b a x:~ a Cuj a , 

a=l 

Xu > 0, sup u = 0. 

M 


( 1 . 20 ) 
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The paper is organized as follows. In Section [2l we state some preliminary knowl¬ 
edge. In Section |3l we generalize the C 2 estimate of the author [29j and prove Theo¬ 
rem 11.11 In Section [4] time-independent estimates are derived from the C 2 estimate 
in Section |3l We prove the time-independent estimates for Hermitian manifolds and 
Kahler manifolds respectively. In Section El we give a new direct argument for gra¬ 
dient estimates. In Section [6j we briefly review the convergence of the normalized 
solution, and finish the proofs of Theorem [L3] and Theorem 1 1.5 1 In Section!?] we study 
another parabolic flow used by Collins and Szekelyhidi [10] and prove Theorem 11.61 
We also discuss the lower bound and properness of the more general J-functional in 
the previous sections. It is pointed out by Gabor Szekelyhidi that this is used in their 
paper [IU], 


2. Preliminary 


2.1. Notations. We denote by V the Chern connection of g. As in [19], we express 

(2-1) X-.= X u, 

and thus in local coordinates 

(2.2) X fj = Xfj + dAu . 

Also, we denote the coefficients of A" -1 by X lJ . 

Let S a ( A) denote the CK-th elementary symmetric polynomial of A G 

(2.3) S„(A) = ]T Ai.-.-A,,. 

For a nonsingular square matrix A, we define S a (A) = SA(A(A)) where A(A) de¬ 
note the eigenvalues of A. Further, write S a (X ) = S , Q (A*(X)) and ^(Af -1 ) = 
S' q (A*(X” 1 )) where A*(A) and A*(A) denote the eigenvalues of a Hermitian matrix 
A with respect to and to {g^}, respectively. In this paper, we shall use S a to 
denote SA^A -1 ). In local coordinates, equation (ll.lOp can be written in the form 


(2.4) 
where 

(2.5) 


du = S n (X) 

di 11 YZ= 1 CaS n - a (X) 


— ln-0, 




b a (n — a)\a\ b a 
n\ = Ci 
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2 . 2 . Concavity. Concavity (or convexity) is an important assumption in the theory 
of fully nonlinear cllptic and parabolic equations, e.g. Evans-Krylov theorem. Indeed, 
the concavity itself will play a key role in the convergence later. 

By the work of Caffarclli, Nirenberg and Spruck [2], we only need to prove that 
In ™— 7 yt is concave with respect to A instead of Hermitian matrix. For con- 

/ sg — l C OL&n — Ot\*) 

venience, rewrite 

n 


In 


S n {\) 


ELl C «^n-a(A) 

d 2 


\nS n (\)^\nJ2c a S n - a (\). 


a=l 


(2.6) 

Define 
(2.7) 

a-l 

We need to show that the matrix {Bij} nxn is non-positive definite. 
Differentiating lnS' n (A) — In J2a=i c a S n - a (\) twice, 


Bij SAW 


\nS n (X) ^ In J^CaSn-aW)- 


( 2 . 8 ) 

and 


d 


— (ln5 n (A)-ln^c a 5 n _ Q (A) 


a=l 


Sn-l;i E n a ZlC«Sn- a -l;iW 

Sn YZ=l C a S n-a{ A) 


d 2 


dXjdXi 


ln5 n (A)»ln^Ca5 n _ a (A) 


a =1 


S n - 2iij {\) 5'n- 1; i(A)5' n - 1 p(A) EZl C a S n - a - 2 ;ij( A) 
5 n (A) 52(A) n = iC B 5 B _ a (A) 

. Ca5 n _ a _i ;i (A) C a 5” n _ Q _i ;i (A) 


(2.9) 


Ea=l DA-c 

It is well known that In S n (X) — In i 5' n _ a (A) is concave, and consequently 



J 

f 5 n _2;tj(A) 

5 n - 1;i (A)5 , n _ ly -(A) 

(2.10) 

1 

s l 

[ 5„(A) 

1 Sn—a—2\ij (^) 

52(A) 

Sn—a— l;i (^) S n -a- 


[ 5„_ q (A) 

SLA A) 

When a — n 

(2.11) 

J 

1 ° 

to 

5 

5 n - 1; i(A)5 n _ 1;j -(A) 

1 

1 5„(A) 

52(A) 


< 0 , 
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and when a = n — 1 

s n - m ( A) S„_ 1;i (A)S„_ 1; ,(A) 


( 2 . 12 ) 

Hence, 


S n ( A) 




< 


s!(\) 


{Bij} nxn q \ C 

a=l zZa=l c a>Jn-a \ >->n- 


Ca^n—a I $n—a—2\ij ^n—a—l',i^n—a—l]j 


a 
n —1 


02 

— 


X^ n ~ Z r Q ST^n-L q sr^n—L q 

/ jfy—i L 'a u n—Oi—2-,ij ^ / v ^— i L 'a u n—a—l;i / j ry— \ L 'a u n—a—l;j 


Ea=l Ca'S'n-c 


(2.13) 


V n r S' 

/ jry—l ° a u n — c 


E 

a=l 
n—1 

E 


CaSn—a $n—a—l;j 


E n Q Q Q 

a=l Ca^n—a. *-} n—a ^n—c 

1 Q q ^ 1 Q Q 

Ca^n—a \ ^ Ca^n—a ^n—a—l;j 


E 


^ V n r 9 9 V n r 9 

/ jn— i ^a^n-a u n—a. i ° a u n—a. u n—c 

y .=1 — x a=l — LK—1 

For any real vector rj = ( 77 1 , - - - , r/ n ), 


E < - E 


Ca^n-c 


(2.14) 




^ ELl ^n-c 

Ca$n—a 


E 


^n— a—1 ;z^7 


E 


E 


-S'n-r 


Bn—a—l;iV 


V n r S' S 

l=1 Z^a=l L a^n-a ; ^n.-r 

where SEyj = 0 by convention. Applying Holder inequality, 
(2.15) 


n q Q i 

\ A Ca^n—a \ A 2) n _ a—l;iV 

2 n 

^ \ ^ Ca^n—a. 

Sn-ot-pirf 

2^ V n r S’ 2_^ c 

a=1 Z^a=l L a^n-a j 

- 2^ W" c Q 

Q=1 Z^«=l L ci^n-a 

2-^ Q 

u n—OL 

1 


and thus JA ■ Bijrfrf < 0 . 


2.3. Formulas. We state some useful formulas at a given point p. Assume that at 
the point p , g,j = fiij and X t j is diagonal in a specific chart. In this paper, we call 
such local coordinates normal coordinate charts around p. 

We recall the formula from [IS]. 


Y -■ = Y-- 


(2.16) 
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and 


(2.17) 


Xujj — x m — RjjuXa — RajjXjj + 29 fe j IfjXi 

p 

E rpPrpP Y _ I"* - - 

ij ij PP ^Hjj’ 


where 


(2.18) 


Xjjii Xiijj + ^ 1 RjjipXpi ^ 1 R-iijpXpj 

P P 

+2^{e%4-e^- 


p,<? 


For convenience, we can rewrite equation (11.101) in the form 


n 

(2.19) d t u — — In c a S a — In -0, 

a=l 


and condition (11.111) in the form 


( 2 . 20 ) 


71 — 1 i 

^CaSadXvlky 1 ) < 

a=l ' 


for all k, where (Xv\k) denotes the (k, k ) minor matrix of Xv 
Differentiating the equation at p 


(2,21) 9 t (d,u) = £ , £ S«-i»(^‘ i ) 2 (a<»)«. 

2^a=l C a^a , 


9t u i = y 


ys^yxy x ai ~^, 


Ea=l C aS c 




( 2 . 22 ) 
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and 


dtUu — ^ — 

o=l X,a=l 


Cri'S'ri 


— i a. 


(2.23) 


E Sa-i-,i(X S ) 2 Xm ~ E Sa-i-AX^X^XffXfj, 

i i,j 

EViiW’AfAiif 

i,3 

+ V S„_ 2; , j (.Y‘ ! ) 2 (A'") 2 A>X,jr 


E 


Es.-.»(^) 2 ^ 


M? 

E s «-2;«( A '“) 2 ( A '") 2 Uii A ',B 

i¥=j 

didii> diiidi'i/j 


l/j -0 


E n q 

Q =i c oEa 

Recall that the fundamental polynomials have strong concavity in T n , which was 
shown in [20] [13] . 


Theorem 2.1. For A e T n; £ = (£i, ■••£„) £ C n 7 Vhe have 


(2.24) e g|, A ; ‘ (A) &£ + E W&S > E 

/ '2 

4=1 4J l,J 

So we can control some terms in the right of f!2.23p . 

n 

C t 


£ Q _ 1;i (A)£ Q _ 1;J (A) 

^(A) 


Uj > 0 


dtX R < yTfi - 

a= 1 


— i CaSa 


E S„- 1 ;.(A" ! ) 2 A, 5 „- - E s„_ 1;i (X*) 2 X»X 0 X., 


1,3 


(2.25) 


E 


Cry S sx 


EL 1 C ^a 


di (hi 5 0 


IL Q 

E v % 9-(lng„) 

a=1 2=0=1 C a‘“ ) « 


<9)<9p/; di'ipdt'ijj 


Applying Holder inequality to (I2.25jh and then summing it over l, 


(2.26) 


it 

d t W < C'l + — 

0=1 2=o=l 


—i Ca^a 


E Sa- i-AX") 2 x al 


u 


V.s; I: ,(.v") l ’.v".v ; ,7-V / /7 
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Since v E C 2 (M ) and Xv > 0, we may assume 

(2.27) eui < Xv < e~ l u> 
for some e > 0. 

Morevoer, by the maximum principle, d t u attains its extremal values at t — 0, 

(2.28) inf d t u < d t u < sup d t u. 

Mx{0} Mx {0} 


ft follows immediately that 


(2.29) 
and 

(2.30) inf 


\d t u\ < sup d t u — inf d t u, 

MxjO} Mx{0} 


Sn(x) 


< 


S n (X) 


M ^YZ=l C aSn-a(x) E«=l c aS n - a (X) 
Therefore, the flow remains Hermitian at any time. 


Sn(\) 

- M%ELiC t A-«(x) 


3. The second order estimate 

In this section we derive the partial second order estimate for admissible solutions. 
In order to prove the second order estimate, we need a key inequality. Guan S3. 
Collins and Szekelyhidi [TO] and Szekelyhidi [33] have more general statements for 
elliptic equations. 

Lemma 3.1. There are constants N, 6 > 0 such that when w > N at a point p, 

n 

Y. ^ C “ „ Y. ~ V S ) 

i / jrv— 1 Ca^a 
a=l i 

n n 

< ~ln (WcA)-»-8Y /“ TV 1; .(Vf. 


(3.1) 
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Proof. Without loss of generality, we may assume that X,y > • • • > X nn . Direct 
calculation shows that 

n 


£ 


T[ U"-i c„S c 


(3.2) 


< 


£ 


ELi c <A 

n f c \ C a a ^a 


J2Sa-lAX S ) 2 iuu-Vu) 


J2S a -l;iX U -eJ2 


ri ELi dA 


l£ 


2ri 7 ^ ELi c <*Sa 2 ^ ELi c «Sc 

Noting that for all s > 0 
(3.3) 

and thus if S\ > — (1 + sup M 0), we have 


-^£ a _ 1;i (X") 2 

' i 

£s«-m(. X s ) 2 . 


sup ips — In s > 1 + In-0, 

M 


£ 


(3.4) 


V” r S' 
= 1 Z^a= 1 L “ J c 




< - In c a Sd - In -0 - 1 - yy 


^5 a _ 1;i (X-) 2 . 


Oi=l 


2 a=1 E„=l Ca^Q 

Now we just need to consider the case Adi > • • • > X nfl > 2n (i+su P y) • Rewriting 


£ 


^ ELi c «Sc 


Y J s ^{^fixa-v iA ) 


(3.5) 


< 


£ 


£i E«=i c oE , =2 


ES„ ,:,(A“) 2 (A (i - (v// + v s - 5)) 


-*E- 


^£ q _ 1; 0A-) 2 + ^ 


-Sa-^X 


11 


E n q / ^ / i / ^ ^r-^n Q 

o=l C cXa i a=1 Xa=\ C a^a 

If 5 > 0 is small enough, y — is still positive definite and satisfies (12.20ft . So there 
are A' > 0 and cr > 0 such that for all X > N' 


(3.6) 
where 

(3.7) 


lli£/',A,( V ') < 111 '0 - tr, 


a=l 


x = 


(.Xv -Sg |1) 
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Since — In X!q=i c aS a is concave, 


E 




(3.8) 


—; ELi c a s a 

n n n 

< - In x; + ln E c « W 1 ) - 8 ]T v n Ca „ 5] S a - 1;i (X a ) 2 

ct=l ol= 1 a:=l a i 


E 


■Sa-^X 11 , 


^ ELl CaS t 


where 

(3.9) 

If Xu > N', 


x" = 


Xu 


(Xv - 8g |1) 


E 


E S^X^inu-vu) 


Ea=1 C *Sa 

n n 

< - In V c a S„ - In - a - 6 T „,. C ° „ W S a _i; i(X a )‘ 

E»1 c - s " 


v=1 


(3.10) 


E 




11 


“t Ea=l C « S ° 

n n 

< ~ In E - ln ^-a-§Y v n ^ „ E S«- 1; i(**) 2 

o=l 0=1 ^“ =1 Caba i 

+ E „ C‘ZI (-(1+ S up^))“ _ E‘i 

Using the bound (12.301) and let Adi be sufficiently large, we have 


E 


(3.11) 


Ei Eo=i 


^5 a _ 1;i (X«) 2 ( Wii -« fi ) 


< - In E Ca'S'a - 111 -0 - E - 8 E 


CK— 1 


2 a=1 Ea=l C «^c 


^ 5 a _ 1 ; i ( X «) 5 


□ 
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Theorem 3.2. Let u G C 4 (M x [0, T)) be an admissible solution to equation (11.101) 
and w = A u + tr\- Then there are uniform constants C and A such that 

(3.12) w<Ce A(u ~ inf Mx[o, t ]«) ; 

where C, A depend only on geometric data. 


Proof. We consider the function we^ where is to specified later. Suppose that In we^ 
achieves its maximum at some point (p, to) G M t = M x (0,fj. Choose a local chart 
around p such that gq = Sq and Xq is diagonal at p when t — to. Therefore, we have 
at the point (p, t 0 ), 


(3.13) 

diw 

+ di<t> — 0 , 

w 

(3.14) 

5,W +9,0 = 0 . 
w 

(3.15) 

d t W , a a ^ n 
+ dtf> > 0, 


and 

(3.16) 


dAw \diw \ 2 x ^ n 
- 5 - + didif < 0 . 


w w* 

Without loss of generality, we may assume that w > 1. Otherwise, the proof is 
finished. 

Since 

diW 


J2s a -iAx iJ ) 2 x fj 


i,j,l 


X-iji Xji~ 


w 


nx,i 


v - v s„_ 1;i (x s ) 2 


\diw\ 


i,j,l 


W 


+ E S^„{x*rx a 1pi + -E s °- irf(W“) 2 JHc{ E T, h m 5, 

i,j,l i,j k 


W 


(3.17) 
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,\diw\ 


h3 


W 


(3.18) 


< 


T 5„_ 1; ,(X fi ) 2 Xi’X^Xtf - 2 V S a _ 1;i (X«) 2 mc{Xy,^ 


i,j,l 




E C ( vii\ 2 y _t’3t'3 


So by (I2.17P and (I3.18p . 


^ S a ^X u ) 2 X"X jTl X i3l - Y S a -x;i(X u ) 2 X m 


i,j,l 


LI 


(3.i9) > - Y, f ^ 3 ‘ w ] +E s «-8-d b ) : 


\diw\ 


w 


h3 


Y Sa-iAX^dAw + S a _ 1;i (X*) 2 ( - + R M Xu + Gim 


i,l 


Hill 


Substituting (13.161) into (13.191) 

Y s a _ 1 ;i (. xYx^x^x qi - ]T 5 Q _ 1 ;i (X«) 2 X £ 

ij,l i,l 

(3.20) - _ ^ + w Y S a -i-,i(X w ) 2 dM 

i,j k 

+ £ 5 a _i ;i (X“) 2 ( - + R^Xa + Gy 


2 ,/ 


Combining (I2.26P and (13.20p . 


d t w < C\ + Y^ t=w-ft 

^ E«=i C «S Q 


(3.21) 


J]s„_ 1;i (x‘ J ) 2 snc{ 

i,j k 

-wYSa-i-Ax^BAcp 


W 


E 


E n 

a =l C| 


a<Sa 


V S„-i;i(A' i! ) 2 ( - R m X a + RggXn + G m 


i,l 
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Then 


IL 

9 t W < ^ 

a=l 2 -^ol=1 


CryS 


— 1 


2 

w 


(3.22) 


J2 S„-i ;i (X«) 2 me{ V f^xtjdt 

k 

-wY,S a -iAX- a ) 2 didi<l> 

i 
n 

+ C 3 w T C ° V S„.i ;i (X s ) 2 + C 2 . 

„i e«i i 


By (13.141) and (13.151) . 


-ij/ 


Wd,<p > V C ° 2 V S„_ I;i pr) 2 <Re{ V fj 

Q!— 1 ^ a i,j k 

(3-23) 

2 
n 

- C 3 w y C “ g V S n -i ;i (A' fl ) 2 - C 2 . 

To apply a trick due to Phong and Sturm [25] . we specify </> as follows, 

1 


(3.24) 


:= — A(u — v) + 


u — v — inf M t (' u **■ v) + 1 


= — A(u — v) + E i- 


We may assume A > N ^$> 1, where N is the crucial constant in Lemma [3.11 
It is easy to see that 


(3.25) 

(3.26) 
and 

(3.27) 


d t (f) = -(A + El)d t u , 


di4> = -(A + El){ui - Vi), 


dM = -{A + Ef)(ua - va) + 2| u t - v { \ 2 E\ 
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By (E2nD and (EOTD . 


(3.28) 


2 E S a _ 1;i (.X^) 2 93e{ E + w Y S a - 1;i (^) 2 W 

i,j k i 

-2(A + E\) Y S„_ 1;i (X«) 2 !Re{ £ Tjx^u, - »l)} 


+ 2E'lw'£ J Sa-iM a ')‘ 


Ui Vi 


(A + El)w Y S^iX^fiu^ - va). 


Using Schwarz inequality to control the first term in the right, 


(3.29) 


2(A + El) 
<wElYS a -vA X a ) 


Y S a - i ;i (X“) 2 0le{ E T^jXk]( u i - in 

i j,k 

c 4 a 2 

wEf 


2l “i-’’<i 2 +As-E^-wW 1 ) 2 . 


and hence 


(3.30) 


> 


2XX_ 1;i (JT i ) 2 9te{ Y^Xkjdrf} EwYSa-iA^fdid^ 

i,j k i 

r< /t 2 

- -^e[ E S«-i;i(**) 2 - (A + E - Ui)- 


Substituting (13.251) and (13.301) into (13.23[) 


U 4 A 2 


w(A + El)d t u<Y^Y 


(3.31) 


wE l ^ SLi c q 5, 

n 

+ (A + U 2 )-u; E yY 

a=l 
n 

+ Cain E yn “ 5 E 

Q=1 l 2 


E^-u(^) 2 


q,— 1 CaSa 


Y S^X^ua-va) 


Sa-ld X U ) + C 2 , 
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that is 


0 < w(A + E\) 


In L ^ C »S C 


a=l 


(3.32) 


£ 


EL 1 C a S c 




L ELi c <A 


J2Sa-iAX a f(uu-va) 


J2s«-iAx u ) 2 + c 2 


3 _ii 

If w > A(u — v — inf Mt (u — n) + 1)2 = AE 1 2 , there is 6 > 0 such that, 


0 < - 9w(A + Ef) 


(3.33) 


i+E 


L Ea=l C aSc 


£s a _ 1;i (x*) 2 


+ w(C 3 + C 4 ) 'jr y.n a s 

1 / v^v— i 

a=L z — 1 « 


s a - 1 . i (x"Y + c 2 . 


This gives a bound w < 1 at (p, f 0 ) if we pick a sufficiently large A, which contradicts 
our assumption. 

3 

On the other hand, if w < A(u — v — inf M t (u — v) + 1) 2 , 

we* < we* | (p ,t o) < A(u -v- inf(u - v) + l)h~ A{u - v)+1 \ {Ptto) 


(3.34) 

and hence 

(3.35) 


M t 


< Ae 2 e~ Ain f "t(«-«), 


w < J ^ e 2 e -Ainf Mt (u-v)+A(u-v)-E 1 

< Ce A ( u ~ iD * M * u ^ 


□ 


4. Long time existence and time-independent estimates 

Since d t u is bounded, we are able to obtain C° estimate dependent on time t. 
By the Evans-Krylov theorem and Schauder estimates, we can obtain C°° estimates 
dependent on t. Then it is standard to prove the long time existence. To prove 
convergence, we need time-independent estimates instead. In this section, we obtain 
time-independent estimates up to second order. Higher order estimates follow from 
Evans-Krylove theorem and Schauder estimate. 
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4.1. Hermitian case. 

Theorem 4.1. Under the assumption of Theorerr d 1. 31 there exists a uniform constant 
C such that 

(4.1) sup u(x, t ) — inf u(x, t ) < C. 

m M 

Proof. We prove the theorem by contradiction. If such a bound does not exist, there 
is a sequence U —> oo such that 

(4.2) sup u(x,ti) ~ inf u(x,tf) —> oo. 

m M 

By (11.151) and the maximum principle, 

(4.3) d t u < 0. 

Thus for t > s > 0, 

(4.4) sup u(x,t) 

M 

and 

(4.5) infu(T,t) 

M 

So we have 

inf inf u(x, t) —> — oo. 

te[o,ti] m 


Q e A(u(x,ti)-inf Mx[0iti] u) 
u(x,U)) 

As shown in j34j, it follows that 

(4.8) sup u(x, tf) — inf u(x, ti) < C 

m M 

for some positive constant C , which contradicts our assumption. 

□ 

Following Theorem 14.11 we can show that the C 2 estimate is also independent on 
time t. 


(4.6) 

By theorem 13.21 

(4.7) 


inf u(x, tA = 

M 


w(x,ti) < 


< sup u(x, s) < 0 

M 


< inf u(x, s) < 0 

M v 
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Corollary 4.2. Under the assumption of Theorem 1 1. iA there exists a uniform con¬ 
stant C such that 

(4.9) w(x,t)<C. 

Proof. By (14.51) and theorem 13.21 

(4.10) w(x,t ) < Ce" 4 ^ _infMx i°’ tl = £ 7 e A 0 - inf M«(z, 9 ). 

Then the conclusion follows from Theorem 14.11 

□ 


4.2. Kahler case. 


Theorem 4.3. Under the assumption of Theorem, \1.R there exists a uniform constant 
C such that 


(4.11) 


sup u(x, t ) — inf u(x, t ) < C. 


m M 

First of all, we recall the definition of extended J- functionals, which was done in 

mm- Let 

(4.12) TL \= {u E C°°(M) | Xu > 0}. 

For any curve v(s) E TL, the functional J a is defined by 


(4.13) 


dJ a 

ds 


= f ^xr a A 


i M 


ds 


Then we have a formula for J a of u E TL, 


(4,14) 


’ A v (n) 



dv 


X n v ~ a Acu a ds, 


'0 JM ds 

for any path v(s) C TL connecting 0 and u. The functional is independent on the 
path. Restricting the integration to the line v(s) = su, 




(4.15) 



«x£T“A u°ds 


0 J M 


n — a + 1 z 


n—a n. 

E / “XI.AV 

4 = 0 


A U! . 


Define a new functional J for equation (11.10H , 

n p o n 

(4.16) J(u):='£b a Uu) = J J Auja )ds, 


a=l 
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for any path v(s) C % connecting 0 and u. For any u(x,t), we have 

< 417 > = fj u t ( t 'vsr- a w)<* = [ £#, 

and and thus along the solution flow u(x,t ) to equation (ll.lOjh 


7 n Tl 

t j(u)= / 8,«(yw-*A W « 

at J M \ q=1 / 


(4.18) 


v" 

An 


' hl Eo.iU\r"A^ 


-In*) 


a=l 


P n p n 

<ln c (VU"Au")- ln*(W6„xr“A 

Jm ' v ,„i 


uh 


The last inequality follows from Jesen’s inequality. The condition ifi > c implies that 

d 


(4.19) 


dt 


J{u) < 0. 


This tells us that J (u) is decreasing and non-positive along the solution flow. Let 

J(u) 


(4.20) u = u 

Then 

(4.21) 

Lemma 4.4. 

(4.22) 

for some constants C\ and C^. 
Proof. By (14. 1 7[) . 


ELi^/ A fX n -“A(n“- 

u(x, t ) < ft (a;, t). 


0 < sup u(x, t ) < —C\ inf u(x, t ) + C 2 , 

M M 


(4.23) 


J(fl(T)) = 


'0 J M 


du 

dt 


J2baX n u~ a ^tO a )dt = 0 


a= 1 


Together with (14. 151) . we have 


(4.24) 


\ A Ua \ ^ / 

2^ n ^ a + 1 L,J M 


aXu A X Aw - 0 


The first inequality in (14.221) follows from (14.241) . 
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Rewriting (14.241) . 

n 7 /» 

( 4 -2 5 ) V - V- / fix”"” A/=- 

Let G be a positive constant satisfying 


n— 1 , n—<4 « 

£—r£ / " ' » A v 

“ n — Q + 1 “ J M 


n — OL — l A , <4 


A A 


(4.26) 

Then 


u n <C Y ---x n “ Q A A. 

A- n — a + 1 


a=l 


uu n = 


IM 


' M 


M 


u — inf u ) u} n + / inf ucu r 


' M 


M 


(4.27) 


<4=1 

n 

= c£ 


<4=1 


n — a + 1 
b a 

n — a + 1 




(u-mf u)x n ~ a + / inf 
V m ) M 


ux n ~ a A A 


' M 


+ inf u ( [ A-C^— f 
M \ JM Yi n ~a+1 Jm 


X n ~ a A A 


Substituting (14.25[) into (14.271) . 


'M 


n—1 , n—a 

u^<-cy —^—y 

“ n - a + 1 y . 

a=l z=l 


uyA A x n_Q_l A A 


M 


(4.28) 


< inf u 

M 


+ inf u ( f W “-C£ —G- 

f [ u n -CYb a [ x n ~ a Aw“ | 

“( Jm ) 


X n ~ a A A 


As shown in |4Tj, it implies the second inequality in (14.21: 


□ 


It remains to prove Theorem 14.31 


Proof of Theorem f.3\ By Lemma 14.41 it is sufficient to show a lower bound for 
inf M u(x,t). If such a lower bound does not exist, then we can choose a sequence 
U —> oo such that 


inf u(x, tA = inf inf u(x, t), 

M te[o,u} M 


(4.29) 
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and 


(4.30) 


inf u(x, U) —* 

M 


-oo. 


By 114.291) . for any t < t u 


(4.31) 


inf u(x , to) — inf u(x , t) 

M V ’ *' AI ' ’ ' 


= inf u(x , id — inf n(x, t) + 

M M 


J(u(x,tj)) - J(u(x,t)) 


< J(tt(x,tj)) - J(u(x,t)) 


Since J(w) is decreasing along the solution flow, inf mu{x,U) < inf Mu(x,t). Together 
with (14.2ip . we have 


(4.32) 

and 


inf u(x, ti) — inf inf u(x,t), 

M te[o,ti] M 


(4.33) 

By theorem 13.21 

(4.34) 


inf u(x, ti) —> 

M 


-oo. 


w(x,ti) < Ce A ( uix ’ u) - iniM *i o,M“) 

_ q e A(u(x,ti) -iniM u(x,ti)) 


As shown in (34j. it follows that 

(4.35) sup u(x, t^ — inf u(x, ti) < C 

M M 

for some positive constant C, which contradicts our assumption. □ 

Following Theorem 14.31 we can show that the C 2 estimate is also independent on 
time t. 


Corollary 4.5. Under the assumption of Theorem there exists a uniform con¬ 
stant C such that 


( 4 . 36 ) 


w(x, t) < C. 
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Proof. There exists to G [0,t] such that inf mu(x, to) = inf tv/ x [ o,t] u{x, s), and hence 

J(u(x, t)) 


u(x,t) — inf u(x, s) = u(x, t) — inf u(x, t 0 ) 

M x [0,t] M 


(4.37) 


= i{x ' t) - i M uM+ EUb a S MX ^A^ 

M Za=l b *J M X AW 


< u(x, t) — inf u(x, to). 

M 

Together with theorem 13.21 

( 4 . 33 ) w(x,t) < Ce A< ' u ~ iniMx[0 ’ t]U ' ) < Ce A ^ x,t ^ miM ^ x,to ' > \ 

Then the conclusion follows from the fact that u is uniformly bounded on M x [0, oo), 
which is in the proof of Theorem 14.31 

□ 


5. The gradient estimate 


Although C° estimate and partial C 2 estimate can lead to a gradient estimate, we 
provide a different argument following [19, 22] • 

Theorem 5.1. Let u G C 4 (M x [0, T)) be an admissible solution to equation (11. 10)1 
and w = Au + fry. Suppose that 

dH 

(5.1) fj,(x,t) — u(x,t) + H(t), —— > 0. 

(JjL 

Then there are uniform constants C and A such that 

(5.2) |Vu| 2 < Ce AE2 , E 2 = 

where C, A depend only on geometric data. 


Proof. Suppose that the function |Vu| 2 e^ attains its maximum at (p, t 0 ) G M t = 
M x (0, t]. As previous, we choose a normal coordinate chart around p. Without loss 
of generality, we may assume |Vu| 1 and |Vu| > |Vu| at (p,t 0 ). Thus we have the 
following relations at (p, to), 


ft(|Vu| 2 ) 
| Vu | 2 


+ dif 


0, 


(5.3) 
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(5.4) 


BidVul 2 ) 

|Vu| 2 


+ di(j) 


0, 


(5.5) 


^(|V»| 2 ) 

| Vn| 2 


+ d t (p > 0 , 


and 


(5.6) 


dA\X7u\ 2 
| Vn| 2 


^(|vi/| 2 )a 4 (|v M | 2 ) 

| Vu| 4 


+ didicj) < 0 . 


Direct computation shows that, 


(5.7) 


ft(|Vn| 2 ) = £(«*«* + u ki u ~ k ), 

k 

(5.8) 


d t (\X7u\ 2 ) = ^T(d t u k u- k + u k d t u k ), 

k 

and 


dA{\Vu\ 2 ) 

~ ^^{ u ki u ki + u iik u k + u iik u k ) + ^Yj Riikl^^k 

(5.9) 


k k,l 

Bv (15.31) and (15.8|). 

Y \ u ~ki ~ Y T i k i u I “ T£ui . 

k l k l 

(5.10) 

^(|Vu| 2 )| 2 = 

Y u ki u k - 2|Vm| 2 93c| Y u kUkA4 >} - Y UkU ~ ki 

k k k 
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By (15.91) and Schwarz inequality, 

YjSa-i-Ax^YdA (|V«| 2 ) 

i 

k 


S|vjj2E s «-w( A ”) 2 |E“‘«l 


V SkS a u- k - ^ 9 fc s c 


■Vk 


Y S a -ui(X") 2 xmUj. - Y Sc-\-,i(X"fx si u k 


(5.11) 


i,k 


i,k 


yv,i(A'"t 4 m«i -Y s °-iA xe ) 2 \Y T <‘ u i 

i,k,l i,k l 


>-^Y s --^ xiri f\Y, u ^ 2 


^ dkS a u~ k - Y d kS c 


|Vw| : 

- C 2 \Y7u\ 2 Y, Sa-l;i(X U ) 2 - C 2 \Vu\ Y S a - l;i(X”) 2 , 




for some uniform constant C 2 > 0; by (15.101) . 
^S„_ 1; .(A' fl ) 2 |S i (|V tI | 2 )| 2 

(5.12) 


< Y S «-w( Aii ) 2 | Y “«“i| " 2 I' v “l 2 Y S«-w(A“) 2 «c{ Y u tu- t A 


Substituting (15.lip and (15.121) into (15.6(1 . 

| Vn| 2 Y S^X^dM + 2 Y S a -iA xU ) 2 Kc{ Y wM 

(5.13) i _ i k 

<YdAu i + Y d k S a u k + C 2 (\Vu\ 2 + |Vw|) Y 5 a _ 1;i ( X^f. 

k k i 

Let (j) = Ae 71 , where r] = v — /x + sup Mx [ 0 t j(/i — v) > 0 and A is to be determined, 
ft is easy to see that 


(5.14) 

(5.15) 

(5.16) 
and 

(5.17) 


d t (j) = cj)d t ri = -<f)d t n, 
di4> = (fnji, 

3i(j) = (1)7^, 

didi<f> = <f>(r]irn + rjn). 
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u kU~ ki rn 


UkXkiTi 


Then from (15.131) . 

(5.18) i i k 

<5>s„ us + £ d k s a u k + c 2 (\v u \ 2 + |V«)| J2 s a-iA xi1 ) 2 . 

k k i 

Controlling the second term, 

2(t>Y J S a -i-i{X^z[ Y, u k u- ki rn] 

i k 

= 20^5 a _ 1;i X%c{ti^} - 2(j>J2Sa-iAX il ) 2 ftc{ J2 

(5.19) ' ’ 

>2</.J]^_ m a^c{^} - ^\Vu\ 2 J2s a -i-Ax l ') 2 h\ 2 

i i 

-c^Y J S a -i-Ax ii ) 2 - 

i 

Substituting (15. 19[) into (I5.18|) . 

0 < 5] 4S„«£ + £ 3 t s„u t + <t>\Vu\*J2 S^iX^Yiua - v a ) 

k k i 

(5.20) -2</>]TS Q _ 1;i X%c{^} - ^iVul^Sa-i-AX^hl 2 

i i 

+ C 2 (\Xu\ 2 + |V«|) ^ S Q _ 1;i (A i7 ) 2 + C 3 cf> S a -i,i(X u ) 2 . 

i i 

Noting that 

n n 

(5.21) d t (\Vu\ 2 ) < C 4 |Vm| ~ VI d k ( In CgSg)u k - ')T j B k f In ^ c a Sg)u k , 

k a=l k a=l 

then by (15.51) and (15.141) . 

n n 

^2d k (\n ^CaSa'j'Uk + d k (In ^ c a S a ) u k < C A \Vu\ + \Vu\ 2 d t (p 


(5.22) 


a=l 


a=l 


< C 4 \Wu\ - (p\Xu\ 2 dtu. 
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Putting together (15.201) and (I5.22K , 


(5.23) 


0 < 111 U) CaSa) + ^2 


a =1 


ELi 


J2s a -i;i(X a ) 2 (uu-va) 


E 


|V“l 2 ^ELi^ 


■E s »-w- x '‘ mc 


UiiTi 


-*E 


+ 


2 a=1 Ea=l CaSf 

^(IVul + 1) y-v 




0|V«| ^Ea=l C aSc 


Y^Sa-lA^f 


n 


Iv^P^ELi^c 


^S a _ 1;i (A^) 2 + 


C 4 


<f>\Vu[ 


By the fact that (f> > A, 


(5.24) 


< In (v> E C ° S «) + E V” °c S E 1 

V 1 7 / y 4 y— 1 WWa 

Ct=l Q!—1 z —'UK—X 1 


S a - 1 ., i (X n y(u a - va) 


E 


|v^ 2 ^ELi^c 


^S Q _ 1;i A%fe{u^} 


- E 


a 


2 ^SL lC , 




„ , 1 1 1 
+ C^5 T H-, lT _ , + 


A A|V«| |Vu| 2 /^ELi^« 


E 


E^-wU'U 


Since we assume |Vu| > |Vu|, 


E 


|v«| 2 ^ El, 1 ^ 




< 


4 E 


5^ Ea=l C a S c 


J2S a -i-,iX U <An. 


(5.25) 


























FLOW FOR GENERALIZED COMPLEX MONGE-AMPERE TYPE EQUATIONS 
Case 1. w > N, where N is the crucial constant in Lemma [3.11 We have 


e + eJ2 


^ Ea=l C «Sc 


(5.26) 


1 \ ^ '~'Oi 

2 r q 


< 


Q !—1 
2 


E 


|Vn| 2 E«=! C «^c 


£s a _ 1;i (x«) 2 

i 

J2Sa-lAX iJ ) 2 \Vif 


Y J S a -v,iX i ^t{u i rr i \ + 


C.A 


+ C*5 — + 


+ 


E 


A |v«p; ^ 

^ ELi yT T 0 s Sa-i;i(X u ) 2 > K for some i and K > 0, 


A\Vu\ 

J2Sa-lAX U Y 




(5.27) 


2 H EC.i <=»& 


^W^f + T 


< 4n + 


C 4 


A\Vu\ 


+ C A — + 


+ 


E 


A 7l|Vu |V«P/^Eo=i c*s, 


■E s »- 1; <( -W 


Choosing 6* satisfying 6*A' > 8n, 


« + IE 


(5.28) 


2 Q= , Ea=l 


J^Sa-l-AXy 


< 


c d 


24|Vn| 


+ C5 I — + 


+ 


A A\Vu\ |Vn | 2 / ^ ELi c «S, 


E 




When A is large enough, we derive a bound | Vn| < C. 
If EEi Y,a=ic a S a S <*-iAX u ) 2 < K for all i, then 


(5.29) 
and hence 


n Q Q 

1 2 r/ 

Q=1 Z^a=1 


29 


(5.30) 


S'! < n 2 K. 
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By Schwarz inequality and (15.30b 

2 


(5.31) 


< 


|V'u| 2 
4(n — a + 1) 




| Vn| 2 

Substituting (15.31ft into (15.26b 

n 

C(~V 


S a -1 + 




it E«=l C »Sc 


J2 S a -ld X 


ii\ 2 


(5.32) 


<aiW^ + 1 


A A|V«| ivuiy^z:., c a S, 


E 


J^Sa-lAX 


ii\ 2 


Cq c 4 

+ 5=^7 + 


\X7u\ 2 A\Vu\' 

This leads to a bound for |Vm| if A is chosen large enough. 
Case 2. w < N. We have 


(5.33) £S«- W (X«) I M» ^ |Vr,| 2 minS„_ 1;i (X«) 2 > > ^|Vif 


Substituting (15. 25h and (15.33ft into (15.24ft . 

C 5 


e _Cs_ C 5 


E 


(5.34) 


A 4 |V«| |v«py ^ ELuoS, 

n 

< 111 (ip ^2 c aSa) + 5n + 


£S a _ 1;i (X 


ii\ 2 


a =1 


Ca 


A|Vu| 


e i I V?7| 2 . 


Choosing A sufficiently large and noting the assumption that | V?j| 1, 


(5.35) 


e i|V? 7 | 2 + 




E 


^S a _ 1;i (X^) 2 <C 7 . 


d iv«l 2 y fit^Li c*s a 

When | Vu| is larger than y/2C$/e, we derive a bound for |Vr/|. But 
(5.36) \Vu\ = |V/.t| < |V? 7 | + |Vv|. 


□ 


Applying appropriate H(t), we can obtain time-independent gradient estimate. For 
Hermitian manifolds, we have the following corollary. 
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Corollary 5.2. Under the assumption of Theorem 11.51 there exists a uniform con¬ 
stant C such that 


(5.37) 

Proof. Setting p — u, 

(5.38) 
and thus 

(5.39) 


| Vw| 2 < C. 


H(t) — 


L 


M 


UU1 


Im uT 


dH = J M d t uu r 

dt f M “ n 


> 0 . 


By theorem 15.11 there are constants C and A such that 

(5.40) |Vw| 2 < Ce AE2 , E 2 = e suPMx [M^- v )- M Mx[o, *](«-«) — 

Theorem 14. II implies that u is uniformly bounded, and then we obtain the bound for 
|V«| 2 . 


□ 


For Kahler manifolds, we have the following corollary. 


J(u) 


Corollary 5.3. Under the assumption of Theorem \1 .51 there exists a uniform con¬ 
stant C such that 

(5.41) |Vu| 2 < C. 

Proof. Setting p — u, 

(5.42) H{t) = 
and thus 

(5-43) -4-> o. 

dt Y? a =iKj M x n - a uu« ~ 

By theorem 15.11 there are constants C and A such that 

(5.44) |Vw| 2 < Ce AE2 , E 2 = e suPMx [°’ t ) ( -“ _ ^ _infMx [ 0 ’ t ^“ _ ^ — e supA ^ x to**](*—— (*—■y)_ 
By (14.241) in the proof of Lemma 14.41 we have 


ELl b '« Jm X n ~ a A U- 
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Then Theorem 14.31 implies that u is uniformly bounded, and consequently we obtain 
the bound for |Vw| 2 . 


□ 


6. Convergence of the parabolic flow 


In this section, we prove the convergence of the normalized solution. The arguments 
of Gill pH] can be applied verbatim here, so we just give a sketch. 

Let <p be a positive function on M x (0, oo) such that 

a v v cPBfiw, 


(6.1) 

where 

(6.2) 


O' 1 = 


dt 


d 


ho 


In ■ 




9Uij y X^o=l C otSn—a(X U ) J 

At a point p and under a normal coordinate chart, {G*- 7 } is diagonal and 


( 6 . 3 ) a s = £ „ c ° 

a=1 l^a=l L a°c 

We have the following Harnack inequality. 




ii\ 2 


Lemma 6.1. For all 0 < ti < t 2 , 

(6.4) sup <p(x, t{) < inf <p(x,t 2 )(—') e t 2 - t i +c ' 1 ^ 2_tl ^ 

xG.M xGM V t \ / 

Now we apply the argument of Cao [5]. Define ip = dtu. Let m be a positive integer 
and define 

PmOM) = sup (p(y,m- 1) -tp(x,m~l + t), 

y£M 

- 1 + t) - inf <p(y,m- 1). 


( 6 . 6 ) 

By (12.211) . we have 


y£M 


dy'm 

dt 


G ij (m - 1 + 


( 6 . 6 ) 




dip: 


dt 


G lJ (rri — 1 + t)djdi(p". 


h3 
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If p(x,m — 1) is not a constant function, ip' and p" must be positive functions on 
M x (0, oo) by the maximum principle. Applying Le mm a T6. II with t\ — \ and t 2 — 1, 
we have 

(6.7) 0{m — 1) + O^iri — < C(0(m — 1) — O(m)), 

where 0(t) = sup M p(x,t) — inf Mp(x,t). Therefore 0(t) < Ce~ cot for Co > 0. On 
the other hand, this inequality is also true if p(x,m — 1) is constant. 

For (x, t) G Mx [0, oo), there is a point y e M such that d t u = 0 since J M d t uco n = 0. 
Therefore, 

(6.8) \d t u(x,t)\ < Ce~ Cot , 


and consequently 

(6.9) d t Q < 0, 

where Q = u + ^ e~ cot . Since Q is bounded and decreasing, 

(6.10) lim u = lim Q = Uoo. 

£—>•00 t^-oo 

By contradiction argument, we can prove that the convergence of u to is actually 
C°°. 

Note that u satisfies 


( 6 . 11 ) 


V- 

Aix 


J M d t uu n = _ 

dt j M uj n El=iKxr a ^^ 


In if). 


Letting t —> oo, the right side of (16.lip tells us that it converges. Then (16. 8p implies 
that it converges to a constant b. This completes the proof of the convergence. 


7. Generalized J-flow in Kahler geometry 


In this section, we just show some key steps of the proof, that is, the second order 
estimate and the uniform estimate. The remaining parts follow from the previous 
sections. 

Rewriting (j 1.19j) . 


(7.1) 


du 1 \ - 

- = --^c aS , 

a=l 


y __ y - - = jd _ _ y ~ _ d _ _ y _ _ _ _ 


Since u is Kahler, 
(7.2) 
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nj] Xjjii Xiijj “I” ^ ^ A 


■jjipXpi RgjpXp] ■ 

p p 


where 

(7.3) 

Differentiating the equation at p 

(7.4) d t (d t u) = S^X^idtuU, 


(7.5) 
and 

(7.6) 


d t ui = Y. C *Y. S °‘-^ X& ) 2X ^ 

a=l i 


n 

dtun < ^ c « 

a=l 


s a -iAx^) 2 x m - J2 s Q . 1;i (x iJ ) 2 x^XjjiXijt 

i i,j 


7.1. Second order estimate. 

Theorem 7.1. Let u € C 4 (M x [0,T)) be an admissible solution to equation (j 1.19 f) 
and w = A u + tr\■ Then there are uniform constants C and A such that 

(7.7) w<Ce A[u ~ inf Mx[o, tl «) ; 
where C, A depend only on geometric data. 

Proof. We consider the function we^ where 0, where 

(7.8) 0 := — A(u — v ). 

and A is to determined. Suppose that In we^ achieves its maximum at some point 
(p, t 0 ) £ M t — M x (0, t\. Without loss of generality, we may assume that w 1. 
Choose a local chart around p such that gq = S tJ and X tJ is diagonal at p when t = to- 
Therefore, we have at the point (p, to), 


(7.9) 

diw 

+ <9*0 — 0, 
w 

(7.10) 

diw , o , n 

-h di<f = 0, 

w 

(7.11) 

9 t vj ,, , . n 

+ Ot0 > 0, 
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and 

(7.12) 


didiw \diw \ 2 = 

JJ - ~ LL i~ + d,fU < 0. 


w w* 


Note that 


(7.13) 




\diw\ 


w 


<J2 s «-v(x a ) 2 x fi x,j,x fil . 


i,j,l 


iill 


By O, dZH and (EH]), 

E S a - 1;i (X*) 2 X*X 0 X m - E So-iAx a ) 2 x,, 

(7.14) i,j ’ 1 M Q 

> w E - C 1W E Sa-^iiX *) 2 - c 2 -s Q . 

i i,l 

Combining (17. 6 p and (17. 14[) . 

n 

d t w < - w E c « E 
(7-15) “ = \ 4 

+ C\w E c «E 5 Q _ 1;i (X“) 2 + C 2 sup E c a S a ( X - ] ). 

a =1 2 M a= i 

By dm and dHU), 

n n 

(7.16) wW > w E c Q E ^-i;^) 2 W - C lW E c « E -S'a-Di^") 2 - C's 

a=l i 

Consequently, 

Aw | E C « E ‘S'«-l;i(^ M ) 2 (n^ - Uii) + E E Ca'S'a 

(7-17) ^“ =1 4 

< City E c “ E ^a-Ui ^) 2 + C 3 . 

a=l i 

Similar to Lemma 13.11 we can show that there are constants N, 6 > 0 such that 
when w > N , 

1 

c 


a= 1 i 

l 

c 


a=l 


E C “ E 5 a -l;i(X") 2 (u« - Uii) ~ - + E Ccf5,Q 

Q!—1 2 

n 

>hE c «E 5 «-i ;! (a1 2 . 


a=l 2 


(7.18) 
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If w > N, from (17.171) 


ii\ 2 


(7.19) 


Aw ( 9 + 9 ^2 c a ^2 Sa-i-A x 

\ a=l i 

n 

< C 1W S «-hi(X U ) 2 + C',3. 


a=l 


Choosing A > we derive a bound for w. 


□ 


7.2. Uniform estimate. 


Theorem 7.2. Under the assumption of Theorem M.A there exists a uniform constant 
C such that 


(7.20) 


sup u(x, t ) — inf u(x, t ) < C. 
m M 


Proof. Different from Section [1 we shall use the well known functional / defined by 


(7.21) 


/ = ./„ = 





0 J M 


d s' 


for any path v(s) C PL connecting 0 and u. Then 


(7.22) 


I(u(T)) = 


dtuxyt = 0 . 


'0 J M 


It is shown by Weinkove [40j that equality (17.2211 implies 


(7.23) 0 < sup u(x,t) < Ci — C 2 inf u(x, t). 

M M 

Therefore, we only need to prove the lower bound of u(x,t)- If such a lower bound 
does not exist, then we can choose a sequence U —> 00 such that 


(7.24) 

and 


inf u(x.ti) = inf inf u(x,t), 
M te[0,ti] m 


(7.25) 

By theorem 17.11 

(7.26) 


inf u(x , tA —> 
m ' 


- 00 . 


w(x,ti) < Ce^^C-^M^n) 

= (Ue A C( X Ji)-' mi M u(x,ti)) 
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As shown in [33], it follows that 

(7.27) sup u(x,U) — inf u{x,U) < C 

m M 

for some positive constant C, which contradicts our assumption. 

□ 


7.3. Lower bound and properness. We consider 

n 

(7.28) J x (u) := ^2b a J a (u) - cl(u), c = 

a =1 


Jm X* 


Z n a=lbaf M X n ~ a AU c 


The generalized J-flow is the gradient flow for J x . 
Choosing a path 0(f), we have 


(7.29) 

and 


(7.30) 


djM f 

dt Jm 



d 2 JM f 

dt 2 J M 



f d<j) A <90 A [ b c 

\ a=l 


\n 




n-«-i A 


cnx'l 1 


Similar to the work of Mabuchi [23], the class of functional J x has 1-cocyle condition 
in T-L by the independence of path. Together with (j7.29jl and (17.301) . we have the 
following theorem. 


Theorem 7.3. There is at most one Kahler metric x! £ [x] such that 

n 

(7.31) = 

a=l 

In addition, if (j7.31[) holds true for yf = \u, then J x has a minimum value at u. 


Proof. The 1-cocycle condition tells us that J x {v) = J x (u) + J Xu { v )- H there are two 
metrics yf = Xu an d x" — Xu' satisfying equation (1 7.311) . Applying (17.29(1 and (17.29(1 
to J Xu with 0(f) = t{u' — u), 


(7.32) 


dJ x '{(t>) 

dt 


t=o 


dJ x '(f>) 

dt 


t= i 


0, 
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and 


(7.33) 


d 2 JM 

dt 2 


[ V-ld(j) A 90 A ( V6 C 
^ Jm \ 0=1 

> £ f \f^ld{u — u') A 9(n — n') A x^” 1 - 

Jm 


(n - «) X r a_1 A ' •“ 


CU 


So it must be that u — v! is constant. 
For any path 0, we have 


(7.34) 

dJ x '{(f) 

dt 


= 0, 


1=0 


and 




(7.35) 

i 2 P'W) 

dt 2 


> 0 



1=0 


So J x (y) 

= J x (u) + J x fv) A J x { u ) 




cnxl 1 


□ 


An alternative approach is probably the method by Chen mn using the C 1,1 
geodesics in TL. 

We recall the definition of properness in [lOj . 

Definition 7.4. We say that J x is proper, if there are constants C, 5 > 0 such that 
for any \u> 0 , 

(7.36) J x (u)>-C + sf u( X n -X n J- 

Jm 

A corollary follows from Theorem 11.51 (or Theorem 11.61 ), Theorem 17.31 and the 
perturbation method in ra- 

Theorem 7.5. Suppose that the cone condition (11.111) holds true for 0 = c. Then 
the functional J x is bounded from below and then proper. 
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